Finalizing the classification of type II or more special Einstein
  spacetimes in five dimensions by Wylleman, Lode
ar
X
iv
:1
51
1.
02
82
4v
1 
 [g
r-q
c] 
 9 
No
v 2
01
5
Finalizing the classification of type II or more special Einstein
spacetimes in five dimensions
Lode Wylleman ∗
Ghent University, Department of Mathematical Analysis
EA16, Galglaan 2, 9000 Ghent, Belgium
September 13, 2018
Abstract
Einstein spacetimes in 5d that are of genuine type II in the null alignment classification are
considered. It is shown that the unique geodesic multiple Weyl aligned null direction (mWAND)
cannot have an optical matrix of rank 1 or 3. This finalizes the classification of all type II or more
special Einstein spacetimes in 5d (i.e., those allowing for an mWAND), and also proves that they all
satisfy the so-called optical constraint.
1 Introduction
In the null alignment classification of the Weyl tensor by Coley, Milson, Pravda and Pravdová [1, 2],
an Einstein spacetime is type II or more special iff it allows for a multiple Weyl aligned null direction
(mWAND) at each point. We deal with Einstein spacetimes in five dimensions (5d) of this kind and
report on a result that finalizes their classification.
In [3–5] the relevant part of the celebrated Goldberg-Sachs (GS) theorem [6] was suitably generalized
for such spacetimes. First, there is always a geodesic multiple Weyl aligned null direction (mWAND)
ℓ [3, 4]. Moreover, all spacetimes that allow for a non-geodesic mWAND are of type D or O (the last
case giving the spacetimes of constant curvature) and were fully obtained in [4]; we refer to their set
as the Durkee-Reall class. Second, define the optical matrix ρ of ℓ with respect to a real null frame
(m0 = ℓ,m1 = n,mi) by ρij ≡ ∇jℓi (i, j run from 2 to 4). By geodesy of ℓ the rank of ρ doesn’t depend
on the other frame vectors. In [3] it was proven for the type N and III cases1 that the unique mWAND
has a rank 2 optical matrix which by rotating the mi can be put in the form ρ2 below. For types II and
D the matrix Φ with components Φij = C0i1j determines the boost weight 0 part of the Weyl tensor
completely [7]. In [5, 8] it was shown that ρ and Φ can be simultaneously put in one of the following
forms:
ρ1 =

 0 0 00 0 0
ρ42 ρ43 ρ44

 , Φ1 = p

−1 0 00 −1 0
0 0 1

 ; (1)
ρ2 = b

 1 a 0−a 1 0
0 0 0

 , Φ2 =

Φ22 Φ23 0Φ32 Φ33 0
Φ42 Φ43 0

 ; (2)
ρ3 = b

 1 a 0−a 1 0
0 0 1 + a2

 , Φ3 = p

 cos(ϑ) sin(ϑ) 0− sin(ϑ) cos(ϑ) 0
0 0 1

 , (3)
where in the last case also
ϑ ∈ [0, π[, a = tan(ϑ/2) ↔ cos(ϑ) =
1− a2
1 + a2
, sin(ϑ) =
2a
1 + a2
, (4)
where the superscript i indicates the rank of ρ 6= 0.
∗E-mail address: lwyllema@cage.ugent.be
1A mentioned null alignment type always refers to a genuine type, i.e., not more special. [2].
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In [9] the spacetimes that allow for a geodesic mWAND with a rank 3 optical matrix were found to be
of type D; we shall make a straightforward verification of this result in the present paper, not relying on
coordinates as in [9]. The corresponding type D metrics have been exhaustively integrated, independently
in [9] and [10].
The spacetimes allowing for a non-twisting geodesic mWAND with a rank 2 optical matrix were all
obtained in [11] (see also [12]). Regarding the remaining case of a twisting mWAND, the spacetimes of
type D have been shown to be 1+4 Brinkmann warps in [10]. The remaining cases where the mWAND
is unique (types II, III and N) and twisting are dealt with in [13].
In the present paper we will show:
Proposition 1.1. If a type II or D Einstein spacetime in 5d allows for a geodesic mWAND with a rank
1 or 3 optical matrix then it is of type D.
In the rank 1 case the spacetime thus belongs to the Durkee-Reall class. By the results of [3] we get
a first corollary:
Theorem 1.2. The unique (thus geodesic) multiple WAND of a genuine type II, III or N Einstein
spacetime in 5d has an optical matrix of rank 2 or 0.
Merging with the results of [5] we obtain a second corollary:
Theorem 1.3. In 5d an Einstein spacetime of type II or more special always admits a multiple WAND
that satisfies the optical constraint, i.e., for which ρρt ∝ ρ+ ρt.
2 Proof of proposition 1.1
Assume that a type II or D Einstein spacetime in 5d allows for a geodesic mWAND k with an optical
matrix of rank 1 or 3. We will respectively refer to these cases as the rank 1 and the rank 3 case whenever
we need to distinguish between them, although a substantial part of the analysis runs in parallel.
For convenience we work in the 2+2+1 covariant, scalar, semi-complex GHP formalism introduced
in [10]. The vector field k is geodesic,
κ = d = 0, (5)
and aligned with an mWAND at each point, such that the b.w. > 0 components vanish:
Ψ0 = Ψ1 = 0,
∗Ψ0 =
∗Ψ1 = Ψ
∗
1 = 0, Ψ00 = Ψ01 = 0. (6)
We need In a type D spacetime we align n with a second double WAND, such that also the b.w. < 0
components vanish:
∗Ψ3 = 0, Ψ3 = 0, Ψ12 = 0, Ψ
∗
3 = 0, (7)
Ψ4 = 0, Ψ22 = 0, Ψ
∗
4 = 0. (8)
A comparison between the notation used in this formalism and the one in [14], for this situation, is given
in table 1. The normalized forms (1) and (3, 4) translate to the joint conditions (cf. Table 1):
∗Ψ2 = Ψ
∗
2 = Ψ02 = 0, (9)
Ψ2 = 2wΨ11, w =
1
w
[w = −eiϑ] , (10)
σ = η = 0 , (11)
ρ = −
1
2
(w − 1)f , (12)
and the separate conditions
rank(ρ) = 1 : w = 1, ρ = 0, (ς, f) 6= (0, 0); (13)
rank(ρ) = 3 : w 6= 1, ς = 0, f 6= 0. (14)
Principle of proof. We need to show that there is a second mWAND. Let me point out the principle of the
proof and anticipate on the result. Any null direction different from k can be obtained by null rotating
l about k. Such a null rotation is defined by its action
k 7→ k, l 7→ l+Bm+Bm+ Cu+
(
BB + 12C
2
)
k,
m 7→m+Bk, m 7→m+Bk, u 7→ u+ Ck
(15)
2
b.w. 0 Weyl comps b.w. −1 Weyl comps b.w. −2 Weyl comps
Ψ2
1
2 (Φ22 +Φ33) + iΦ[23] Ψ3
1√
2
(Ψ′323 − iΨ
′
223) +
1
2
√
2
(Ψ′424 + iΨ
′
434) Ψ4
1
2 (Ψ
′
22 −Ψ
′
33) + iΨ
′
(23)
Ψ11 −
1
2Φ44 Ψ22
1
2Ψ
′
44
∗Ψ2 −
1√
2
(Φ42 + iΦ43)
∗Ψ3 −
1
2 (Ψ
′
224 −Ψ
′
334)− iΨ
′
(23)4
Ψ∗2 −
1√
2
(Φ24 − iΦ34) Ψ
∗
3 −
1
2 (Ψ
′
224 +Ψ
′
334) + iΨ
′
[23]4 Ψ
∗
4
1√
2
(Ψ′24 + iΨ
′
34)
Ψ02 −
1
2 (Φ22 − Φ33) + iΦ(23) Ψ12
1
2
√
2
(Ψ′424 − iΨ
′
434)
Γ˜a1b Γ˜a2b Γ˜35b
κ − 1√
2
(κ2 − iκ3) ν
1√
2
(κ′2 + iκ
′
3) χ
1√
2
(
4
M20 −i
4
M30)
d −κ4 b κ
′
4
τ 1√
2
(τ2 − iτ3) π −
1√
2
(τ ′2 + iτ
′
3) ω −
1√
2
(
4
M21 −i
4
M31)
e τ4 a −τ
′
4
σ − 12 (ρ22 − ρ33) + iρ(23) λ −
1
2 (ρ
′
22 − ρ
′
33)− iρ
′
(23) φ
1
2 (
4
M22 −
4
M33)− i
4
M (23)
ρ − 12 (ρ22 + ρ33)− iρ[23] µ −
1
2 (ρ
′
22 + ρ
′
33) + iρ
′
[23] υ
1
2 (
4
M22 +
4
M33) + i
4
M [23]
η − 1√
2
(ρ24 − iρ34) ζ −
1√
2
(ρ′24 + iρ
′
34) ψ
1√
2
(
4
M24 −i
4
M34)
ς − 1√
2
(ρ42 − iρ43) ξ −
1√
2
(ρ′42 − iρ
′
43)
f −ρ44 c −ρ
′
44
Table 1: The b.w. ≤ 0 Weyl components and the connection coefficients used in the 2+2+1 GHP
formalism in terms of the symbols used in [14], given the relation (??).
on the original frame, where B is a complex and C a real null rotation parameter. Under (15) the b.w.
≥ 0 Weyl components are invariant [?], while the b.w. < 0 components change according to
Ψ3 7→ Ψ3 + 6BwΨ11, Ψ12 7→ Ψ12 + 2BΨ11,
∗Ψ3 7→
∗Ψ3, Ψ
∗
3 7→ Ψ
∗
3 − 2C(w − 1)Ψ11; (16)
Ψ4 7→ Ψ4 + 12B
2wΨ11, Ψ22 7→ Ψ22 +
(
4BB + C2
(w − 1)2
w
)
Ψ11, Ψ
∗
4 7→ Ψ
∗
4 − 6BC(w − 1)Ψ11.
(17)
The new direction l is a second double WAND if and only if all transformed components of b.w. < 0
vanish. From (16) we see that the b.w. −1 combinations ∗Ψ3, Ψ3− 3wΨ12, and Ψ∗3 (w = 1) or Ψ
∗
3 +wΨ
∗
3
(w 6= 1) are invariant under all null rotations (15). Hence there can only be a second mWAND if
∗Ψ3 = 0, Ψ3 − 3wΨ12 = 0, Ψ
∗
3 = 0 (w = 1) or Ψ
∗
3 + wΨ
∗
3 = 0 (w 6= 1). (18)
If these conditions are met, we see from (16) that in the rank 3 case (w 6= 1) the null rotation (15) given
by 2
B = −
Ψ3
6wΨ11
, C =
Ψ∗3
2(w − 1)Ψ11
(19)
transforms to a unique frame in which all b.w. −1 Weyl components are zero, i.e. (7) holds; in the rank
1 case, (7) is realized by a one-parameter class of frames, corresponding to the same value of B but
arbitrary C. Hence, in the rank 3 case there can only be one other mWAND, which is the case if and
only if also the b.w. −2 components vanish in the unique frame, i.e. (8) holds; in the rank 1 case there
will be another mWAND (and then an infinite number of mWANDs, obtained by residual null rotations
(15) with B = 0 and arbitrary C) if and only if (8) holds in any frame from the one-parameter class.
The outcome for the rank 1 case is consistent with [4, Theorem 2]: the resulting type D spacetimes are
foliated by 3d Lorentzian submanifolds, and any null direction tangent to these manifolds is a mWAND.
To prove the type D condition it is thus necessary and sufficient to show that condition (18) is met,
and that (8) holds in a frame that realizes (7).
Consider the rank 3 subcase w = −1, corresponding to ϑ = 0 in (3, 4). Then ρij ∝ δij , i.e., k is non-
rotating and shearfree. Hence the corresponding Einstein spacetimes are Robinson-Trautman solutions,
which are of type D (in dimension 5 these reduce to generalized Schwarzschild solutions, allowing for
2Notice that the expression for C is real by the last condition in (18), as required.
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a possible cosmological constant and with planar, spherical or hyperbolic symmetry) [?]. Hence the
proposition is true for this case, so henceforth we assume
w 6= −1. (20)
Regarding the rank 1 case, the type D condition has been shown to hold in the non-rotating subcase
Σ = 0, albeit in a tedious way relying on intricate coordinate descriptions. Hence we could assume Σ 6= 0
here, but instead will stick to the weaker assumption (Σ, f) 6= (0, 0) and prove the type D condition for
rank 1 in a direct way, both for the rotating and non-rotating subcases and not relying on coordinate
constructions.
Proof of the theorem. We split the proof into two parts. In part A we use Bianchi equations of b.w. 1 or
0 (together with appropriate Ricci equations) to show that the first two conditions in (18) hold, i.e.,
∗Ψ3 = 0, Ψ3 − 3wΨ12 = 0, (21)
and then proceed by asserting the last condition in (18) for both the rank 1 and 3 cases. As explained
above we can then null rotate to a frame in which all b.w. -1 components vanish. In part B we then show,
using Bianchi equations of b.w. -1, that the b.w. -2 components vanish as well; again we do this in two
stages: first Ψ22 = Ψ∗4 = 0 and finally Ψ4 = 0.
A. The conditions (18) hold.
A.1. (21) holds.
Proof. We obtain the result by using appropriate Ricci and b.w. 1 or 0 Bianchi equations. To start with
Bia7 reads 2χΨ11(w + 1) = 0, such that
χ = 0
follows from our assumption (20). We obtain an algebraic constraint from Bia15:
2(w + 1)φΨ11 + f ∗Ψ3 − 2ςΨ12 = 0. (22)
Bia16, and Bia17 and Bia18, respectively produce an expression for ðΨ2 and two expressions for 2ðΨ11:
ðΨ2 = (3Ψ2 + 2Ψ11)τ + ∗Ψ3ς −Ψ∗3ς − 2ρΨ12, (23)
2ðΨ11 = (f− 2ρ)Ψ12 + (Ψ∗3 +Ψ
∗
3)ς − fΨ3 + ψΨ2 + (2ψ + 4τ)Ψ11, (24)
2ðΨ11 = (−f− 2ρ+ 4ρ)Ψ12 + (Ψ
∗
3 + Ψ
∗
3)ς − fΨ3 + ψ(Ψ2 +Ψ2) + 4ψΨ11 − 2ς
∗Ψ3. (25)
Comparing (24) with (25) and using (10, 12) leads to a second algebraic constraint
[(w + 1)ψ − 2τ ]Ψ11 − ς ∗Ψ3 + wfΨ12 = 0. (26)
Ric1, Ric22, Ric23, Ric36, Ric38, and Bia11, Bia13, Bia26, Bia27, in combination with (22, 24), yield
Þς =
3w − 1
2w
fς, Þς = −
1
2
(w − 3)fς, Þf = f2, (27)
Þτ = −
1
2
(w − 1)(π + τ), Þψ = f(π + ψ), Þφ = ς(π + ψ) +
w − 1
2w
fφ, (28)
ÞΨ11 = −f
(w − 1)2
w
Ψ11, Þw = −
1
2
f(w2 − 1), (29)
Þ∗Ψ3 =
w − 1
2w
(f ∗Ψ3 − 4(w + 1)φΨ11)− ς(Ψ3 − 3Ψ12), (30)
ÞΨ12 =
(
2π + 2τ −
w2 − 1
w
ψ
)
Ψ11 −
1
2
f(Ψ3 − 3Ψ12). (31)
The second equation of (29) implies that w cannot be constant in the rank 3 case. Acting with Þ on the
algebraic constraints (22, 26), substituting (27-31), and using (22, 26) to simplify the results, one obtains
rank 1 : (f2 + 2ςς)∗Ψ3 = 0, (f2 + 2ςς)(Ψ3 − 3Ψ12) = 0;
rank 3 : (3w − 1)f2∗Ψ3 = 0, f2(Ψ3 − 3wΨ12).
Since (ς, f) 6= (0, 0) and f 6= 0, w 6= const in the respective cases, we conclude that (21) holds.
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A.2. The third condition in (18) holds.
Proof. To show this we also invoke the zero-weighted Bianchi equations Bia20, Bia21, Bia23, and Bia23,
which are
D̂Ψ2 − D̂Ψ2 = [(2Ψ
∗
3 +Ψ
∗
3)ρ+ (Ψ3 − 3Ψ12)ς − fΨ
∗
3 − υ(Ψ2 −Ψ2)] − c.c. (32)
D̂Ψ2 + D̂Ψ2 + 2D̂Ψ11 = [(2Ψ
∗
3 − Ψ
∗
3)ρ+ (Ψ3 + Ψ12)ς − υ(Ψ2 +Ψ2 + 4Ψ11)] + c.c. (33)
D̂Ψ2 = (2ρ− f)Ψ
∗
3 + (Ψ2 − 2Ψ11)e− (Ψ2 + 2Ψ11)υ + 2ςΨ12, (34)
D̂Ψ2 = (2ρ− f)Ψ∗3 + (Ψ2 − 2Ψ11)e− (Ψ2 + 2Ψ11)υ + 2ςΨ12. (35)
and also use (21) whenever needed.
Rank 1 case. Substitute Ψ2 = 2Ψ11 everywhere, and eliminate D̂Ψ11 and υ from (33)-(35) ; this leads to
the algebraic equation
2(ςΨ12 − 2υΨ11) + f(Ψ
∗
3 + 2Ψ
∗
3) = 0. (36)
Since ρ = 0 we also get fυ + (τ − ψ)ς = 0 from Ric10; eliminating τ − ψ by means of (26) we obtain
f(ςΨ12 − 2υΨ11) = 0, such that by comparing with (36):
f(Ψ∗3 + 2Ψ
∗
3) = 0 ⇒ fΨ
∗
3 = 0. (37)
Second, (23) also gives an expression for 2ðΨ11; putting it next to (25), where we use (26) to eliminate
ψ, gives
2ðΨ11 = 8τΨ11 − ςΨ
∗
3, 2ðΨ11 = 8τΨ11 + ς(Ψ
∗
3 +Ψ
∗
3).
Hence,
ς(Ψ∗3 + 2Ψ
∗
3) = 0 ⇒ ςΨ
∗
3 = 0. (38)
Since (ς, f) 6= (0, 0) we arrive at Ψ∗3 = 0, as we needed to show.
Rank 3 case. Here ς = 0, such that compatibility with Ric26 requires
(w − 1)e+ w υ − υ = 0. (39)
If we now substitute (34) and (35) into (32), and use (39) to simplify the result, we obtain
f(w − 1)(Ψ∗3 + wΨ
∗
3) = 0 (40)
and are done immediately.
We now null-rotate to a frame in which (7) holds. Then (23)-(35) is found to imply
τ =
1
2
(w + 1)ψ, (41)
υ =
w − 1
w + 1
e, (42)
ðw =
ψ
2
(w2 − 1), (43)
B. The conditions (8) hold.
B.2. Ψ22 = Ψ∗4 = 0.
Proof. Here we shall use the (−1, 0)-weighted Bianchi equations Bia28,Bia28, Bia29,Bia29, Bia30 and the
(−1, 1)-weighted ones, viz. the complex conjugates of Bia32-Bia35. Given (18) the respective sets are
ÞΨ22 − Þ
′Ψ2 = µ(3Ψ2 − 2Ψ11) + ρΨ22 − ςΨ
∗
4, (44)
ÞΨ22 − Þ
′Ψ2 = µ(3Ψ2 − 2Ψ11) + ρΨ22 − ςΨ∗4, (45)
2Þ′Ψ11 = c(Ψ2 − 2Ψ11) + (2ρ− f)Ψ22 − 4µΨ11 − ςΨ∗4, (46)
2Þ′Ψ11 = c(Ψ2 − 2Ψ11) + (2ρ− f)Ψ22 − 4µΨ11 − ςΨ∗4, (47)
2ÞΨ22 − 2Þ
′Ψ11 = 2fΨ22 − c(Ψ2 +Ψ2 − 4Ψ11), (48)
5
and
ÞΨ∗4 = (Ψ2 + 2Ψ11)ω − (3Ψ2 − 2Ψ11)ζ +Ψ
∗
4f, (49)
ÞΨ∗4 = (Ψ2 + 2Ψ11)ω − (Ψ2 +Ψ2 − 4Ψ11)ξ +Ψ
∗
4ρ+ 2Ψ22ς, (50)
0 = (Ψ2 +Ψ2 − 4Ψ11)ω − (3Ψ2 + 2Ψ11)ζ + (Ψ2 −Ψ2)ξ −Ψ∗4ρ, (51)
0 = (Ψ2 +Ψ2 − 4Ψ11)ω − (Ψ2 − 2Ψ11)ξ −Ψ∗4ρ+Ψ22ς +Ψ4ς, (52)
where (49) and (49) produce another algebraic relation
0 = (Ψ2 −Ψ2)ω + (3Ψ2 − 2Ψ11)ζ − (Ψ2 +Ψ2 − 4Ψ11)ξ +Ψ∗4ρ+ 2Ψ22ς −Ψ
∗
4f. (53)
On the other hand, compatibility of the Þ′-derivative of (12), the ð′-derivative of (41) with the Ricci
equations Ric6 and Ric42, producing
f
[
Þ′w
w
−
(
w + 3
w
ω +
w + 1
w
ζ
)
ς + 2µ−
w2 − 1
2w
c
]
+
w − 1
w
(
Þ′f+ 2Ψ11 + Λ+ D̂e+ e2 +
(w + 1)2
2w
ψψ
)
= 0.
(54)
There is a qualitative difference in the treatment of the above equations for in the rank 1 vs. the rank 3
case, which we therefore treat separately.
Rank 1 case. Given (13) the set (44)-(48) is found to be equivalent to ςΨ∗4 being real, Þ
′Ψ11 = −2(fΨ22+
ςΨ∗4), and
µ = −
3(fΨ22 + ςΨ
∗
4)
4Ψ11
, ÞΨ22 = −fΨ22 − 2ςΨ∗4. (55)
The set (51)-(53) gives
ζ = ω, ω =
2ςΨ22 − fΨ∗4
4Ψ11
, −3ςΨ22 + 2fΨ∗4 + ςΨ4 = 0, (56)
such that (54) becomes
f µ− 3ςω = 0. (57)
Substituting µ from (55) and ω from (56) into (57) one gets Ψ22(f2 + 2ςς) = 0, whence Ψ22 = 0. Then
(55) and (57) imply µ = ςΨ∗4 = 0 and ςω = 0, such that ζ = ω = fΨ
∗
4 = 0 from the first two parts of
(56). Since (ς, f) 6= (0, 0) we obtain Ψ∗4 = 0, which finishes the proof of statement B for this case. The
last part of (56) still gives
ςΨ4 = 0. (58)
Rank 3 case. When (14) holds (44)-(48) can be solved for µ, Þ′Ψ11, Þ
′w and ÞΨ22, giving in particular
µ =
2w2 + 1
4w
fΨ22
Ψ11
−
1
2
c(w − 1), (59)
Þ′w =
w2 − 1
2
c− (w2 − 1)
fΨ22
2Ψ11
. (60)
Notice that the expression between brackets in the last term of (54) is real and the complex conjugate of
(w − 1)/w is 1− w. Hence, adding (54) to w times its complex conjugate produces the relation
Þ′w =
w2 − 1
2
c−
2w(wµ + µ)
w − 1
. (61)
Substitution of (59, 60) into (61) yields fΨ22(w + 1)(w2 + w + 1) = 0, whence Ψ22 = 0.
Next, (??) can be solved for Ψ∗4, ξ and ζ in terms of ω:
Ψ∗4 = −
4Ψ11
wf
ω, ξ =
w2 + w + 2
(w − 1)w
ω, ζ = −
ω
w
. (62)
By ς = 0 Ric24 and Ric42 respectively reduce to
ðe = ξf+ (f− ρ)ω + τ(υ + e), ðυ = −ξρ+ ω(ρ− ρ)− ψ(υ − υ). (63)
Substituting (43) and (63) into the ð-derivative of (42) and using (12, 41, 42, 62) one obtains fω(w−1) = 0.
Hence ω = 0, such that Ψ∗4 = 0 and also ξ = ζ = 0 from (62).
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B.2. Ψ4 = 0.
Proof. In both rank 1 and 3 cases we already found ζ = ω = 0. Hence Ric5 and Ric43 reduce to
ðτ = τ2 + ρλ, ðψ = ψ2 + fλ. (64)
Substitution of (43) and (64) into the ð-derivative of (41) leads to fλw = 0. However, bi(53532) becomes
4λΨ11 = fΨ4, such that λ = fΨ4 = 0. Since we also found (58) in the rank 1 case we obtain Ψ4 = 0 in
general, and theorem 1.1 is proven.
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